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Squeezing in resonance fluorescence via vacuum induced coherences
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The squeezing spectrum of the fluorescence field emitted from a four-level atom in J = 1/2 to J =
1/2 configuration driven by two coherent fields is studied. We find that the squeezing properties of
the fluorescence radiation are significantly influenced by the presence of vacuum-induced coherence in
the atomic system. It is shown that such coherence induces spectral squeezing in phase quadratures
of the fluorescence light for both weak and strong driving fields. The dependence of the squeezing
spectrum on the relative phase of the driving fields is also investigated. Effects such as enhancement
or suppression of the squeezing peaks are shown in the spectrum as the relative phase is varied. An
analytical explanation of the numerical findings is presented using dressed-states of the atom-field
system.
I. INTRODUCTION
Resonance fluorescence has played a significant role
in understanding the essentials of the interaction be-
tween light and matter [1–4]. Many interesting phe-
nomena demonstrating the quantum features of light,
such as photon antibunching [2], sub-Poissonian photon
statistics [3], and squeezing [4] have been experimen-
tally observed. Squeezed light, a non-classical state
of radiation, has quantum fluctuations in one of its
quadrature components reduced below its shot-noise
limit. Squeezed states of radiation have been thor-
oughly investigated over the last few decades due to
its theoretical and practical significance [5, 6]. Among
the many works in the literature related to squeezing,
the phenomena of squeezing in resonance fluorescence
was explored by many authors [7–17]. These works con-
sidered either the total variance of the fluorescence field
in a selected phase quadrature or the spectral compo-
nents of phase quadratures, i.e., squeezing spectrum, to
study squeezing in atomic fluorescence [7, 8]. Walls and
Zoller were the first to show theoretically that a driven
two-level atom exhibits total variance squeezing in flu-
orescence radiation [7]. They also found that for weak
excitation the out-of-phase quadrature noise spectrum
shows squeezing at the laser frequency [8]. Ficek and
Swain reported large fluorescence-squeezing in a coher-
ently driven two-level system coupled to squeezed vac-
uum [9]. Theoretical studies also demonstrated squeez-
ing characteristics dependent on nonlinear two-photon
emission processes [10] and tunable two-mode squeez-
ing in the fluorescence of two-level systems [11]. Stud-
ies extended to three-level atoms showed that atomic
coherences, decay rates of the atomic transitions and
Rabi frequencies play an important role in modifying
the squeezing spectra [12–16]. Further, Gao et al. pre-
dicted that ultranarrow squeezing peaks may appear in
the squeezing spectrum of a coherently driven V -type
atom [17].
Another important phenomenon that has been dis-
cussed extensively in the context of resonance fluores-
cence is the effect of vacuum-induced coherence. It is
well understood that even in the absence of any exter-
nal driving field, there can be coherence between near-
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degenerate atomic states decaying via common vacuum
modes [18–23]. This type of coherence induced by the
vacuum field is known as vacuum-induced coherence
(VIC). The VIC leads to many remarkable effects in the
fluorescence [18, 19] and absorption [20] properties of
atomic media. An excellent review of the study of VIC
effects in multilevel atoms is given by Ficek and Swain
[21]. The role of VIC has also been investigated in
the phase-dependent squeezing spectra of driven atoms
[22, 23]. It was shown that the VIC gives rise to a
strong enhancement or broadening of squeezing in the
spectrum over a wide range of parameters [22]. Gon-
zalo et al. [23] have shown that the VIC in driven
Λ-type systems may induce spectral squeezing in phase
quadratures of the fluorescence in contrast to the usual
situation where VIC is not included.
In all these publications, it is assumed that the dipole
moments of the allowed atomic-transitions are non-
orthogonal for the VIC to exist in decay processes. This
condition is not favorable to the experimental realiza-
tion in real atomic systems. Many alternative schemes
were suggested to circumvent this problem [24]. In
an interesting paper, Kiffner et al. proposed a novel
scheme to observe VIC in the atomic fluorescence [25].
They considered a four-level atom with J = 1/2 to
J = 1/2 transition which is driven by a linearly polar-
ized light [25, 26]. Since the dipole moments of the π
transitions in this atomic model are antiparallel (non-
orthogonal), this system is a good candidate to probe
for VIC effects. This has motivated further studies such
as squeezing spectrum [27] and collective resonance flu-
orescence [28] in this system. In these studies [25–28],
the fluorescence properties are investigated when the
π transitions in the atom are driven by a linearly po-
larized light. Recently, we have shown that the effect
of VIC in the fluorescence spectrum becomes stronger
when an additional σ−-polarized light drives the atom
with J = 1/2 to J = 1/2 transition [29]. It has
been shown that the incoherent spectrum of fluores-
cence emitted on the σ transitions is dependent on the
relative phase of the applied fields. Thus, it would be
interesting to see how VIC affects the squeezing spec-
tra and to study the phase control of squeezing in this
system. Therefore, in this paper, considering the same
arrangement as in [29], we study the influence of VIC in
the squeezing spectrum and examine how the relative
phase of the driving fields alters the squeezing proper-
ties of the fluorescence radiation. The atomic model
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FIG. 1: (a) The level scheme of a driven four-level atom
with J = 1/2 to J = 1/2 transitions. A linearly polarized
field drives the transitions |1〉 ↔ |3〉 and |2〉 ↔ |4〉 while a
σ−-polarized field couples to the transition |1〉 ↔ |4〉 in the
atom. (b) The arrangement for atom-laser interaction and
the detection of the fluorescence light.
considered in this study can be realized experimentally
using 198Hg+ ions [30] in an optical trap. The inves-
tigation of squeezing spectrum in this model system is
thus a realistic approach to probe for VIC effects in
fluorescence which have remained elusive in the much
studied V -type [22] and Λ-type [23] three-level atoms
considered in previous works. We show many interest-
ing features such as splitting of squeezing peaks, ultra-
narrow squeezing peaks, strong reduction in quantum
fluctuations for both weak and strong-driving fields due
to VIC, and phase-controlled enhancement and cancel-
lation of spectral squeezing.
Our paper is organized as follows. In section II, we
discuss the atomic model and present the basic density
matrix equations describing the interaction of the atom
with the driving fields. In section III, we derive the
formulas for the squeezing spectra of the fluorescence
emitted on the π and σ transitions. The numerical
results and their dressed-state interpretation are given
in section IV. Finally, section V presents a summary of
the main results.
II. THE HAMILTONIAN AND DENSITY
MATRIX EQUATIONS
The system of interest consists of a four-level atom
with J = 1/2 to J = 1/2 transition as shown in figure
1(a). This level scheme has a doubly degenerate ex-
cited and ground atomic states with energy separation
~ωo. Spontaneous emission causes an atom in the ex-
cited levels (|1〉 and |2〉) to decay to both ground levels
(|3〉 and |4〉). The transitions |1〉 ↔ |3〉 and |2〉 ↔ |4〉 in
the atom have antiparallel (real) dipole moments and
will be referred to as the π transitions. The cross tran-
sitions |1〉 ↔ |4〉 and |2〉 ↔ |3〉 in the atom have orthog-
onal (complex) dipole moments and are designated as
σ transitions. The dipole moments for these allowed
transitions can be obtained from the matrix elements
of the dipole moment operator dˆ. By use of the Wigner-
Eckart theorem [31], they are calculated as
d1 = 〈1| dˆ |3〉 = −1√
3
D ez, d2 = 〈2| dˆ |4〉 = −d1,
d3 = 〈2| dˆ |3〉 =
√
2
3
D ǫ(−), d4 = 〈1| dˆ |4〉 = d∗3,(1)
where ǫ(−) = (ex − iey)/
√
2 is the circular polariza-
tion vector and D represents the reduced dipole matrix
element of the operator dˆ.
We assume that the atomic system is interacting with
two coherent fields propagating in perpendicular direc-
tions. The applied fields have equal frequencies and
drive the atom in a setup shown in figure 1(b). A lin-
early polarized light (amplitude Ea, phase φa, polariza-
tion ez) is assumed to propagate along the x-direction
and drives the π transitions (|1〉 ↔ |3〉, |2〉 ↔ |4〉) in
the atom. In addition, a circularly polarized light (am-
plitude Eb, phase φb, polarization ǫ
(−)) traveling along
the z-direction couples the σ transition |1〉 ↔ |4〉 in the
atom. Using the rotating-wave and electric-dipole ap-
proximations, the atom-field Hamiltonian of the system
can be written as
H = ~ωo(A11 +A22) + ~[Ωa(A13 −A24)e−i(ωlt+φa)
− ΩbA14e−i(ωlt+φb) + h.c.], (2)
where ωl is the frequency of the applied fields, ωo =
ω13 = ω24 is the resonance frequency of the atomic
transitions, Ωa = DEa/(
√
3~) is the Rabi frequency of
the linearly polarized light, and Ωb =
√
2DEb/(
√
3~)
is the Rabi frequency of the circularly polarized light
driving the atom. The operators Alk = |l〉 〈k| represent
the atomic transitions for l 6= k and the populations for
l = k.
The dynamics of the atom-field interaction and the
spontaneous emission processes can be described using
the master equation for the density operator. For con-
venience, we use an interaction picture by making the
unitary transformation
U = exp{i[ωlt+φa](A11+A22)+i[φa−φb](A22+A44)}.
In this interaction picture, the Hamiltonian becomes in-
dependent of time and the phases (φa, φb) of the applied
fields. The interaction picture Hamiltonian is given by
HI =− ~∆(A11 +A22)
+ ~(Ωa(A13 −A24)− ΩbA14 + h.c.), (3)
where ∆ = ωl − ωo corresponds to the detuning of the
driving fields from resonance with the atomic transi-
tions.
With the inclusion of spontaneous decay terms, the
time evolution of the density matrix elements can be
obtained using equation (3) to be [29]
ρ˙11 =− (γ1 + γσ)ρ11 + iΩa(ρ13 − ρ31)− iΩb(ρ14 − ρ41),
(4)
ρ˙33 = γ1ρ11 + γσρ22 − iΩa(ρ13 − ρ31), (5)
ρ˙44 = γσρ11 + γ2ρ22 + iΩa(ρ24 − ρ42) + iΩb(ρ14 − ρ41),
(6)
ρ˙12 =
(
− (γ1 + γ2)
2
− γσ
)
ρ12 − iΩa(ρ32 + ρ14)
+ iΩbρ42, (7)
3ρ˙13 =
(
− (γ1 + γσ)
2
+ i∆
)
ρ13 + iΩa(ρ11 − ρ33)
+ iΩbρ43, (8)
ρ˙23 =
(
− (γ2 + γσ)
2
+ i∆
)
ρ23 + iΩa(ρ21 + ρ43), (9)
ρ˙14 =
(
− (γ1 + γσ)
2
+ i∆
)
ρ14 − iΩa(ρ12 + ρ34)
− iΩb(ρ11 − ρ44), (10)
ρ˙24 =
(
− (γ2 + γσ)
2
+ i∆
)
ρ24 − iΩa(ρ22 − ρ44)
− iΩbρ21, (11)
ρ˙34 = γ12ρ12 − iΩa(ρ32 + ρ14)− iΩbρ31. (12)
In equations (4)-(12), γ1 = γ2 = γ/3 denotes the decay
rates of the π transitions and γσ = 2γ/3 is the decay
rate of the σ transitions (see figure 1(a)). The total
decay rate of each of the excited atomic states is given
by γ = γ1 + γσ = γ2 + γσ. The γ12-term is responsi-
ble for VIC effects in the atom. It can be written as
γ12 = (d1 · d∗2/|d1||d2|)
√
γ1γ2 = −√γ1γ2, which arises
because the transitions |1〉 ↔ |3〉 and |2〉 ↔ |4〉 un-
dergo spontaneous emission via common vacuummodes
[25, 26]. Note that γ12 is negative since the dipole mo-
ments d1 and d2 are antiparallel. If γ12 is taken to
be zero (γ12 = 0), then VIC effect will be absent in
spontaneous emission.
To solve for the steady-state dynamics of the driven
atom, we eliminate ρ22 using the trace condition (Trρ =
1) and rewrite equations (4)-(12) in a simplified form
d
dt
ψˆ(t) = Mˆ ψˆ(t)+ Cˆ, (13)
where Mˆ is a 15 × 15 matrix whose elements are the
coefficients in equations (4)-(12) with ψˆ being a 15× 1
column vector of density matrix elements
ψˆ =(〈A11〉, 〈A33〉, 〈A44〉, 〈A12〉, 〈A21〉, 〈A13〉, 〈A31〉,
〈A23〉, 〈A32〉, 〈A14〉, 〈A41〉, 〈A24〉, 〈A42〉, 〈A34〉, 〈A43〉)T.
(14)
Here 〈Aij〉 = ρji and the inhomogeneous term Cˆ in
equation (13) is also a 15× 1 column vector with non-
zero components Cˆ2 = γσ, Cˆ3 = γ2, Cˆ12 = iΩa, Cˆ13 =
−iΩa. In steady state, the behavior of the system can
be described by the solution of equation (13) in the
long-time limit ψˆ(∞) = −Mˆ−1 Cˆ, which is obtained by
setting dψˆ/dt = 0. The stead-state values of the density
matrix elements are found to be
ρ11 = ρ22 =
4Ω4a
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ33 =
4Ω4a + (Ω
2
a +Ω
2
b)(γ
2 + 4∆2)
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ44 =
Ω2a(γ
2 + 4∆2 + 4Ω2a)
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ13 = −ρ24 = 4Ω
3
a(∆− iγ/2)
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ23 =
−4Ω2aΩb(∆− iγ/2)
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ34 =
ΩaΩb(γ
2 + 4∆2)
2Ω2a(γ
2 + 4∆2 + 8Ω2a) + Ω
2
b(γ
2 + 4∆2)
,
ρ12 = ρ14 = 0. (15)
It is clear from equations (15) that steady-state pop-
ulations and coherences have no dependence on the
VIC parameter (γ12) and the phases (φa, φb) of the
driving fields. However, as was already shown earlier
[25, 26, 29], the fluorescence properties of the atomic
system depend strongly on γ12 and the relative phase
(φa − φb) of the driving fields.
III. CALCULATION OF THE SQUEEZING
SPECTRUM
We now turn to derive analytic expressions useful for
the calculation of squeezing spectra of the fluorescence
fields. In our system, the fluorescence field is composed
of light emanating from both the π and σ transitions in
the atom. The electric field operator of the source field
can be decomposed into a sum of positive and negative
frequency parts as ~E(~r, t) = ~E(+)(~r, t) + ~E(−)(~r, t). In
the far-field zone, they are given by [32]
~E(+)pi (t) = −
ω2o
c2r
[{rˆ × (rˆ × ~d31)}A31(t′)
+{rˆ × (rˆ × ~d42)}A42(t′)]e−i(ωlt′+φa),
~E(+)σ (t) = −
ω2o
c2r
[{rˆ × (rˆ × ~d41)}A41(t′)
+{rˆ × (rˆ × ~d32)}
×A32(t′)e−2i(φa−φb)]e−i(ωlt′+φb),
~E(−)pi (t) =
[
~E(+)pi (t)
]†
,
~E(−)σ (t) =
[
~E(+)σ (t)
]†
. (16)
Here t′ = t − r/c is the retarded time and rˆ = ~r/r
is the unit vector along the observation point ~r. The
subindex π (σ) in equations (16) refers to the fluores-
cence field of the π (σ) transitions. We choose the direc-
tion of observation (rˆ) of the fluorescence to be along
the y-direction, as shown in figure 1(b). It is seen from
equations (16) that the light coming from the π tran-
sitions will be linearly polarized along ez and the light
emitted from the σ transitions will have polarization
along ex. Thus, using a polarization filter to differenti-
ate the fluorescence fields, the squeezing spectra of the
fluorescence from π and σ transitions can be studied
separately.
In squeezing measurements done via homodyne de-
tection schemes, the fluorescence field (signal field) is
4superimposed with a local oscillator field (a reference
field having a controllable phase and same frequency
as the laser frequency ωl) and the intensity correla-
tion of the superposed fields is measured [33]. In this
setup, the two-time correlation of a field-quadrature is
the quantity of interest. The slowly varying quadrature
components of the electric field operator with phase θ
are defined by
~Epi(θ, t) = ~E
(+)
pi (t)e
i(ωlt+θ) + ~E(−)pi (t)e
−i(ωlt+θ),
~Eσ(θ, t) = ~E
(+)
σ (t)e
i(ωlt+θ) + ~E(−)σ (t)e
−i(ωlt+θ). (17)
The spectrum of squeezing is defined in terms of
normal-ordered correlation of the quadrature compo-
nents as [33, 34]
Spi(ω, θ) =
1
2π
∫ ∞
−∞
dτeiωτ Tˆ 〈: ~Epi(θ, t), ~Epi(θ, t+ τ) :〉,
Sσ(ω, θ) =
1
2π
∫ ∞
−∞
dτeiωτ Tˆ 〈: ~Eσ(θ, t), ~Eσ(θ, t+ τ) :〉,
(18)
where 〈 ~A, ~B〉 = 〈 ~A. ~B〉 − 〈 ~A〉.〈 ~B〉 and Tˆ denotes the
time ordering operator.
In the steady-state limit (t → ∞), the two-time av-
erages appearing in equations (18) can be easily calcu-
lated using the quantum regression theorem [35] and
the density matrix elements (15) . For this purpose, we
introduce column vectors of correlation functions
Uˆmn(t, τ) =
[〈δA11(t+ τ)δAmn(t)〉, 〈δA33(t+ τ)δAmn(t)〉,
〈δA44(t+ τ)δAmn(t)〉, 〈δA12(t+ τ)δAmn(t)〉,
〈δA21(t+ τ)δAmn(t)〉, 〈δA13(t+ τ)δAmn(t)〉,
〈δA31(t+ τ)δAmn(t)〉, 〈δA23(t+ τ)δAmn(t)〉,
〈δA32(t+ τ)δAmn(t)〉, 〈δA14(t+ τ)δAmn(t)〉,
〈δA41(t+ τ)δAmn(t)〉, 〈δA24(t+ τ)δAmn(t)〉,
〈δA42(t+ τ)δAmn(t)〉, 〈δA34(t+ τ)δAmn(t)〉,
〈δA43(t+ τ)δAmn(t)〉]T,
m, n = 1, 2, 3, 4. (19)
In this equation, δAij(t) = Aij(t)−〈Aij〉st are the fluc-
tuations of the atomic operators from their steady-state
mean values. According to the quantum regression the-
orem [35], the two-time column vector Uˆmn(t, τ) satis-
fies
d
dτ
Uˆmn(t, τ) = MˆUˆmn(t, τ), (20)
where Mˆ is the 15×15 matrix defined in equation (13).
Now, following the method depicted in [23] for the time
ordering of the operators in equations (18)and applying
the quantum regression theorem, the squeezing spectra
for the fluorescence fields of the π and σ transitions can
(a)
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FIG. 2: Influence of the additional field on the squeezing
spectra Spi(ω, θ) as a function of ω for θ = 0, γ = 1, ∆ = 8
and (a) Ωa = 0.6, Ωb = 0.9 and (b) Ωa = 5, Ωb = 2. The
dashed curves are the spectra in the absence of the addi-
tional field (Ωb = 0) with other parameters remaining same.
Actual values of the dashed curves in (a) are 0.25 times that
shown. Note that γ12 = −√γ1γ2 = −γ/3 throughout the
paper unless stated otherwise.
be expressed as
Spi(ω, θ) = fpiRe
{ 15∑
j=1
lim
t→∞
[{
γ1 Nˆ7,j Uˆ
31
j (t, 0)
+ γ2 Nˆ13,j Uˆ
42
j (t, 0) + γ12 Nˆ7,j Uˆ
42
j (t, 0)
+ γ12 Nˆ13,j Uˆ
31
j (t, 0)
}
e2i(θ−φa+ωlr/c)
+ γ1 Nˆ6,j Uˆ
31
j (t, 0) + γ2 Nˆ12,j Uˆ
42
j (t, 0)
+γ12 Nˆ6,j Uˆ
42
j (t, 0) + γ12 Nˆ12,j Uˆ
31
j (t, 0)
]}
,
(21)
Sσ(ω, θ) = fσγσRe
{ 15∑
j=1
lim
t→∞
[{
Nˆ11,j Uˆ
41
j (t, 0)
+ e−2iφ Nˆ11,j Uˆ
32
j (t, 0) + e
−2iφNˆ9,j Uˆ
41
j (t, 0)
+ e−4iφ Nˆ9,j Uˆ
32
j (t, 0)
}
e2i(θ−φb+ωlr/c)
+ Nˆ10,j Uˆ
41
j (t, 0) + e
−2iφ Nˆ10,j Uˆ
32
j (t, 0)
+e2iφ Nˆ8,j Uˆ
41
j (t, 0) + Nˆ8,j Uˆ
32
j (t, 0)
]}
,
(22)
where Nˆi,j represents the (i, j) element of the matrix
Nˆ = [(iω−Mˆ)−1+(−iω−Mˆ)−1] and φ = φa−φb is the
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FIG. 3: Squeezing spectra Spi(ω, θ) as a function of ω for
weak resonance excitation. The parameters are γ = 1, ∆ =
0, Ωa = 0.2, Ωb = 0.6, and (a) θ = 0 and (b) θ = pi/2. The
solid (dashed) curves are in the presence (absence) of VIC
terms.
relative phase of the applied fields. In equations (21)
and (22), the terms fpi and fσ are common prefactors
which will be set to unity in the following. Note that
the spectra Spi(ω, θ) and Sσ(ω, θ) have an explicit de-
pendence on the VIC term (γ12) and the relative phase
(φ), respectively.
IV. NUMERICAL RESULTS AND
DRESSED-STATE EXPLANATION
In this section we discuss the numerical results of
the squeezing spectra and then provide an explana-
tion using dressed-states for interpretation of the re-
sults. According to the criterion for squeezing [33], a
fluorescence field is squeezed in the frequency compo-
nents if the squeezing spectrum S(ω, θ) in a selected
quadrature (θ) becomes negative for some frequencies
(ω). To demonstrate squeezing in the spectra Spi(ω, θ)
and Sσ(ω, θ), we analyze the numerical results obtained
using equations (21) and (22). In the numerical calcu-
lations, we assume e2i(ωlr/c−φa) = e2i(ωlr/c−φb) = 1 and
scale all the parameters such as decay rates, detuning,
and Rabi frequencies in units of γ.
A. Squeezing spectrum - pi transitions
1. Effect of the additional field
We first consider the spectral squeezing in the flu-
orescence generated by the π transitions in the atom.
In figure 2, the numerical results are shown for the in-
phase quadrature spectra [Spi(ω, θ = 0)] when consider-
ing both weak and strong driving fields. The results are
also compared with the case when there is no additional
σ−-polarized light driving the atom. In the absence of
the additional field (Ωb = 0), the squeezing spectrum
Spi(ω, θ) is the same as that of a two-level atom as re-
ported by Tan et al. [27]. As shown by the dashed
curves in figure 2, the spectrum Spi(ω, 0) exhibits two-
mode squeezing (for Ωb = 0) at the Rabi sideband fre-
quencies Ω′ = ±√4Ω2a +∆2, which is the well-known
feature of a driven two-level atom for off-resonance exci-
tations [11]. Interesting new features appear in spectral
squeezing when the additional field (Ωb 6= 0) drives the
atom. For weak driving fields (Ωa,Ωb < γ), ultranar-
row squeezing peaks (Spi(ω, 0) < 0) are induced around
the laser frequency (ω = 0) as shown by the solid curve
in figure 2(a). In the case of strong-field excitations
(Ωa,Ωb ≫ γ), the additional field leads to splitting of
the squeezing peaks in the spectrum (compare solid and
dashed curves in figure 2(b)).
2. Influence of VIC
We now consider the effect of VIC in the squeezing
spectrum emitted from the π transitions in the atom.
In order to do that, we compare the spectra with and
without VIC terms. In the absence of VIC effects,
the spectrum is obtained by substituting γ12 = 0 in
equations (13) and (21). Note that all the terms hav-
ing γ12 in equation (21) arise from the coupling be-
tween the atomic transitions |3〉 ↔ |1〉 and |4〉 ↔ |2〉
and such coupling will be absent for γ12 = 0. Thus,
π-fluorescence squeezing spectrum without considering
VIC can be written as
Spi(ω, θ) = Re
{ 15∑
j=1
lim
t→∞
[{
γ1Nˆ7,j Uˆ
31
j (t, 0)
+γ2Nˆ13,j Uˆ
42
j (t, 0)
}
e2i(θ−φa+ωlr/c)
+γ1Nˆ6,j Uˆ
31
j (t, 0) + γ2Nˆ12,j Uˆ
42
j (t, 0)
]}
.
(23)
In figure 3 we show the squeezing spectra in two quadra-
tures (θ = 0, π/2) for the case of weak driving fields
(Ωa,Ωb < γ) on resonance. It is clear that in the ab-
sence of VIC (γ12 = 0) there is no squeezing neither in
the in-phase (θ = 0) nor in the out-of-phase (θ = π/2)
quadrature spectrum (see dashed curves in figure 3).
The spectral features are greatly modified when consid-
ering the effect of VIC (γ12 = −√γ1γ2) in the analysis.
As shown by the solid curves in figure 3, the squeez-
ing appears in both quadratures as a consequence of
VIC. This result is in contrast to that of Tan et al. [27]
where VIC induces squeezing only in the out-of-phase
quadrature for weak resonance excitations.
In previous studies concerning VIC effects, the flu-
orescence field was shown to exhibit spectral squeez-
ing only for weak to moderately intense driving fields
[22, 23, 27]. However, we find that the VIC induces sig-
nificant squeezing in the present system even for strong
driving fields (Ωa,Ωb >> γ). This feature is illustrated
in figure 4 where the quadrature spectra are given for
strong (off-resonance) driving fields. It is evident that
squeezing is obtained because of VIC in both the in-
phase and out-of-phase quadratures although at differ-
6ent frequencies (compare solid and dotted curves in fig-
ure 4).
An interpretation of these numerical results can
be given using the dressed-state description of the
atom-field interaction. The dressed states |Φ〉
(Φ = α, β, κ, µ), which are defined as the eigenstates
(HI |Φ〉 = ~λΦ |Φ〉) of the interaction Hamiltonian (3),
can be obtained in the basis of the bare atomic states
as
|α〉 = cα1 |1〉+ cα2 |2〉+ cα3 |3〉+ cα4 |4〉 ,
|β〉 = cβ1 |1〉+ cβ2 |2〉+ cβ3 |3〉+ cβ4 |4〉 ,
|κ〉 = cκ1 |1〉+ cκ2 |2〉+ cκ3 |3〉+ cκ4 |4〉 ,
|µ〉 = cµ1 |1〉+ cµ2 |2〉+ cµ3 |3〉+ cµ4 |4〉 , (24)
where the expansion coefficients are given by
ci1 = Nλi, ci2 = N
[
λiΩaΩb
λi(∆ + λi)− Ω2a
]
,
ci3 = NΩa, ci4 = N
[ −λiΩb(∆ + λi)
λi(∆ + λi)− Ω2a
]
. (25)
Here, the overall constant factor N is fixed by the nor-
malization condition c2i1 + c
2
i2 + c
2
i3 + c
2
i4 = 1. The
eigenvalues of the dressed states (24) are
λα = − (
√
∆2 +Ω21 +∆)
2
, λβ = − (
√
∆2 +Ω22 +∆)
2
,
λκ =
(
√
∆2 + Ω22 −∆)
2
, λµ =
(
√
∆2 +Ω21 −∆)
2
,
(26)
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FIG. 4: Squeezing spectra Spi(ω, θ) as a function of ω for
strong off-resonance excitation. The parameters are γ = 1,
∆ = 15, Ωa = 4, Ωb = 12, and (a) θ = 0 and (b) θ = pi/2.
The solid (dotted) curves are in the presence (absence) of
VIC terms.
where the effective Rabi frequencies are Ω1 =√
4Ω2a +Ω
2
b+Ωb and Ω2 =
√
4Ω2a +Ω
2
b−Ωb. The spec-
tral features in the squeezing spectrum can be under-
stood in terms of transitions between the dressed states
|i〉 → |j〉 (i, j = α, β, κ, µ). The transitions between ad-
jacent manifolds of the same dressed-states give rise
to the central peak at ω = 0. The sidebands in the
spectrum occur at frequencies ±ωij = ±(λi − λj) as
a result of transitions between different dressed states
|i〉 ↔ |j〉 (i 6= j).
In the strong-field limit (Ωa,Ωb >> γ), the squeezing
spectrum (21) for the π-fluorescence field can be worked
out in the dressed-state basis (24). In order to under-
stand the role of VIC in the spectral features, we derive
an analytical formula for the spectrum of the sidebands
exhibiting squeezing in figure 4. For the parameters
of figure 4, the numerical values of the eigenvalues (in
units of γ) are λα = −22.69, λβ = −15.10, λκ = 0.10,
λµ = 7.69. The squeezing (negative peaks) in the inner
sidebands of the spectrum Spi(ω, θ = 0) (solid curve in
figure 4(a)) can be seen as originating from the dressed-
state transitions |µ〉 ↔ |κ〉 and |β〉 ↔ |α〉. Similarly,
the transitions |µ〉 ↔ |β〉 and |κ〉 ↔ |α〉 of the dressed
states contribute to the squeezing in the outer side-
bands of the spectrum Spi(ω, θ = π/2) (solid curve in
figure 4(b)). Considering these atomic transitions, the
spectra at the sidebands can be obtained in the dressed-
state representation as
Spi(ω±, 0) =
Wpi+ Γ+
[Γ2+ + (ω ∓ ωµκ)2]
+
Wpi− Γ−
[Γ2− + (ω ∓ ωµκ)2]
,
Spi(ω±, π/2) =
W˜pi+ Γ˜+
[Γ˜2+ + (ω ∓ ωµβ)2]
+
W˜pi− Γ˜−
[Γ˜2− + (ω ∓ ωµβ)2]
.
(27)
In the above equations, the upper [lower] sign is for
the positive (ω > 0) [negative (ω < 0)] part of the
spectrum along the ω-axis. To derive these sideband
spectra, we have included the VIC-term (γ12 = −γ/3)
in the calculations. Equations (27) show that two dif-
ferent Lorentzians contribute to each of the sidebands
centered at ω = ±ωµκ and ω = ±ωµβ in the spec-
tra Spi(ω, 0) and Spi(ω, π/2) (see figure 4), respectively.
The explicit forms of the widths (Γ±, Γ˜±) and weights
(Wpi±, W˜pi±) of the Lorentzians in equations (27) are
given in Appendix. On substituting the expansion co-
efficients (25) into the expressions for Γ±, Γ˜±,Wpi±, W˜pi±
(see Appendix), the formulas (27) provide good agree-
ment with the squeezing peaks (negative peaks) shown
in figure 4.
B. Squeezing spectrum - σ transitions
1. Effect of the additional field
We now proceed to analyze the squeezing spectrum
Sσ(ω, θ) of the fluorescence field emitted on the σ
transitions. While the squeezing spectrum of the π-
fluorescence has been studied by Tan et al. [27] in the
absence of the additional field (Ωb = 0), that for σ-
fluorescence has not been reported so far. We show here
that the σ-fluorescence displays interesting squeezing
characteristics that distinguish it from π-fluorescence.
In the absence of the circularly polarized light (Ωb = 0),
one can easily verify that when considering θ = π/2
7(out-of-phase quadrature) and zero detuning (∆ = 0),
the squeezing spectrum of the σ transitions (22) is iden-
tical to that of the in-phase quadrature (θ = 0) of a
driven two-level atom with Rabi frequency Ω = 2Ωa.
It is well known that the in-phase quadrature of the
two-level atom does not exhibit squeezing for resonance
excitations [8]. However, the situation is different when
the additional field drives the atom.
In figure 5 we show the squeezing spectra (22) of the
out-of-phase quadrature when considering both weak
and moderately strong driving fields on resonance. For
the cases when Ωb = 0, the squeezing is absent (see
dashed curves in figure 5) in the spectra similar to that
in the in-phase quadrature spectra of a driven two-level
atom. In contrast, an ultranarrow squeezing peak ap-
pears at the laser frequency in the presence of a weak
additional field (Ωb ≪ γ) as shown by the solid curve
in figure 5(a). For moderate driving field strengths,
there is no squeezing at the laser frequency, whereas
the spectral squeezing gets shifted to the wing portion
of the central peak (see solid curve in figure 5(b)).
2. Effect of the relative phase
When the additional field is not applied (Ωb = 0) on
the atomic system, the squeezing properties of the fluo-
rescence field do not depend on the phase of the driving
field (Ωa) acting on the π transitions [27]. However,
the presence of the additional field (Ωb 6= 0) driving
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FIG. 5: Influence of the additional field on the squeezing
spectra Sσ(ω, θ) as a function of ω. The parameters are
θ = pi/2, γ = 1, φ = 0, ∆ = 0, and (a) Ωa = Ωb = 0.02
and (b) Ωa = 1, Ωb = 4. The dashed curves represent the
spectra for Ωb = 0 with other parameters remaining same.
Actual values of the dashed curve are 0.1 [5] times that
shown in graph (a) [(b)].
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FIG. 6: Squeezing spectra Sσ(ω, θ) as a function of ω for
strong off-resonance excitation. The parameters are θ = 0,
γ = 1, ∆ = 20, Ωa = 10, Ωb = 15. The solid (dotted) curve
is for φ = pi/2 (φ = 0). The scale on the graphs is chosen
to show only the squeezing peaks in the spectrum.
the system brings a relative phase (φ) dependence in
the squeezing spectrum (22) of the σ transitions. We
proceed to show how the relative phase modifies the
squeezing properties of the σ-fluorescence field. Phase
control of squeezing has been reported earlier in the lit-
erature [23, 36]. In these works, the phase control was
achieved either through vacuum-induced coherences or
by using a closed-loop scheme of atomic transitions.
It was shown that by changing the relative phases of
the driving fields the squeezing could be suppressed or
canceled [23] and also be shifted from inner- to outer-
sidebands of the spectrum [36]. In the present system,
the phase control of spectral features appears because of
the polarization-dependent detection schemed used to
observe the fluorescence light as shown in figure 1(b).
Note that the phase dependence occurs because only
the ex-component of the fluorescence field is detected
along the σ transitions [29]. To demonstrate the role
of the relative phase, we plot in figure 6 the in-phase
quadrature spectrum for strong off-resonance excita-
tion. For relative phase φ = 0 (dotted curve in figure
6), it is seen that the squeezing appears in six peaks. As
the relative phase is changed to φ = π/2, the squeez-
ing in the inner sidebands near the central region is
cancelled, whereas the squeezing in other peaks gets
enhanced (solid line in figure 6). Thus, one finds that
the relative phase (φ) can not only suppress squeezing
as shown in previous studies [23] but also cause en-
hancement of squeezing in the spectrum at the same
time. This result is closely similar to that in the inco-
herent spectrum of resonance fluorescence reported in
our previous work [29].
The enhancement and suppression of the squeezing
peaks can be explained using the dressed-state picture.
In order to understand the phase-dependent spectral
features shown in figure 6, we work out the analyti-
cal formula for the spectrum (22) in the dressed-state
formalism as [37]
Sσ(ω±, 0) =
Wσ1 Γ1
[Γ21 + (ω ∓ ωµα)2]
+
Wσ2 Γ2
[Γ22 + (ω ∓ ωκβ)2]
+
Wσ+ Γ+
[Γ2+ + (ω ∓ ωµκ)2]
+
Wσ− Γ−
[Γ2− + (ω ∓ ωµκ)2]
,
(28)
8where the upper (lower) sign is for the squeezing peaks
on the positive (negative) portion of the ω-axis. In the
above equation, the first two terms are contributions
due to the single dressed-state transitions |µ〉 ↔ |α〉
and |κ〉 ↔ |β〉, respectively, whereas the last two terms
originate from the coupled transitions |µ〉 ↔ |κ〉 and
|β〉 ↔ |α〉. The expressions for the widths (Γ1,Γ2,Γ±)
and weights (Wσ1 ,Wσ2 ,Wσ±) in equation (28) are given
in Appendix. From the analytical expressions (see
Appendix) for the weights (Wσ1 ,Wσ2 ,Wσ±) in equation
(28), it is found that the squeezing peaks at ω = ±ωµα
and ω = ±ωκβ get enhanced as the phase φ is changed
from 0 to π/2, whereas the sidebands at ω = ±ωµκ are
suppressed for φ = π/2 as shown in figure 6.
V. CONCLUSIONS
In conclusion, we have investigated theoretically the
squeezing properties of the fluorescence radiation from
a J = 1/2 to J = 1/2 system driven by two coherent
fields. Specifically, we have studied the effects of VIC in
the squeezing spectrum of the fluorescence emitted on
π transitions in the atom. It is found that VIC induces
spectral squeezing in the fluorescence of π transitions
for weak as well as strong driving fields. The origin of
spectral squeezing in the π-fluorescence has been ex-
plained using a dressed-state analysis of the atom-field
interaction. The squeezing spectrum of the fluorescence
field emitted along the σ transitions is also investigated.
It has been shown that the squeezing spectrum of the
σ-fluorescence field exhibits a strong dependence on
the relative phase of the driving fields even though the
atomic population dynamics is phase-independent. In
particular, the squeezing peaks can be either enhanced
or suppressed by adjusting the relative phases of the
driving fields.
Appendix: calculation of the widths and weights of
the spectral lines
1. The decay rates in the dressed-state picture
In the secular approximation, the equations of mo-
tion for the dressed-state coherences are given by
ρ˙µα = −(Γ1 + iωµα)ρµα,
ρ˙κβ = −(Γ2 + iωκβ)ρκβ ,
ρ˙µβ = −(Γ3 + iωµβ)ρµβ + Γ4ρκα,
ρ˙κα = −(Γ5 + iωκα)ρκα + Γ6ρµβ ,
ρ˙µκ = −(Γ7 + iωµκ)ρµκ + Γ8ρβα,
ρ˙βα = −(Γ9 + iωβα)ρβα + Γ10ρµκ, (A.1)
where
Γ1 =
γ
6
[4(c2α1c
2
α3 + c
2
α2c
2
α3 + c
2
α1c
2
α4) + 3]
− 2γ12c2α1c2α3, (A.2)
Γ2 =
γ
6
[4(c2β1c
2
β3 + c
2
β2c
2
β3 + c
2
β1c
2
β4) + 3]
− 2γ12c2β1c2β3, (A.3)
Γ3 =
γ
6
[3(c2β1 + c
2
β2 + c
2
α3 + c
2
α4)− 4cα1cα3cβ1cβ3]
− 2γ12cα1cα3cβ1cβ3, (A.4)
Γ4 =
2γ
3
[c2α1c
2
β4 + c
2
α2c
2
β3 − cα1cα2cβ3cβ4]
− γ12(c2α1c2β3 + c2α2c2β4), (A.5)
Γ5 =
γ
6
[3(c2α1 + c
2
α2 + c
2
β3 + c
2
β4)− 4cα1cα3cβ1cβ3]
− 2γ12cα1cα3cβ1cβ3, (A.6)
Γ6 =
2γ
3
[c2α3c
2
β2 + c
2
α4c
2
β1 − cα3cα4cβ1cβ2]
− γ12(c2α3c2β1 + c2α4c2β2), (A.7)
Γ7 =
γ
6
[3(c2α3 + c
2
α4 + c
2
β3 + c
2
β4) + 4cα1cα3cβ1cβ3]
+ 2γ12cα1cα3cβ1cβ3, (A.8)
Γ8 =− γ
6
[4c2α1c
2
β1 + 3(cα4cβ1 − cα3cβ2)2
+ 3(cα2cβ3 − cα1cβ4)2] + γ12(c2α1c2β2 + c2α2c2β1),
(A.9)
Γ9 =
γ
6
[3(c2α1 + c
2
α2 + c
2
β1 + c
2
β2) + 4cα1cα3cβ1cβ3]
+ 2γ12cα1cα3cβ1cβ3, (A.10)
Γ10 = − γ
6
[4c2α3c
2
β3 + 3(cα4cβ1 − cα3cβ2)2
+ 3(cα2cβ3 − cα1cβ4)2] + γ12(c2α3c2β4 + c2α4c2β3).
(A.11)
The effective decay rates in equations (27) and (28) are
Γ± = [−(Γ7 + Γ9)±
√
(Γ7 − Γ9)2 + 4Γ8Γ10]/2,
Γ˜± = [−(Γ3 + Γ5)±
√
(Γ3 − Γ5)2 + 4Γ4Γ6]/2.
(A.12)
In deriving the decay rates (A.2)-(A.11) of the dressed-
state coherences, we use the following relations among
the expansion coefficients (25):
cµ1 = −cα4, cµ2 = cα3, cµ3 = −cα2, cµ4 = cα1,
cκ1 = cβ4, cκ2 = −cβ3, cκ3 = cβ2, cκ4 = −cβ1,
cα2cα4 = −cα1cα3, cβ2cβ4 = −cβ1cβ3,
cα2cβ2 = −cα1cβ1, cα4cβ4 = −cα3cβ3. (A.13)
92. The weights of the spectral lines in
pi-fluorescence squeezing spectrum
The weights of the sidebands in the spectrum (27),
using equations (A.13), can be derived as
Wpi± =
γ
6(Γ− − Γ+) (cα1cβ3 + cα3cβ1 − cα2cβ4 − cα4cβ2)
× [(cα1cβ3 − cα2cβ4)F± + (cα3cβ1 − cα4cβ2)G±],
(A.14)
W˜pi± =
γ
6(Γ˜− − Γ˜+)
(cα2cβ1 + cα1cβ2 − cα4cβ3 − cα3cβ4)
× [(cα2cβ1 + cα1cβ2)F˜± − (cα4cβ3 + cα3cβ4)G˜±],
(A.15)
where
F± =± (Γ7 − Γ9 + 2Γ8)ραα ± (Γ9 − Γ7 + 2Γ10)ρκκ
+ (Γ+ − Γ−)(ραα + ρκκ),
G± =± (Γ7 − Γ9 + 2Γ8)ρββ ± (Γ9 − Γ7 + 2Γ10)ρµµ
+ (Γ+ − Γ−)(ρββ + ρµµ),
F˜± =± (Γ3 − Γ5 − 2Γ4)ραα ± (Γ5 − Γ3 − 2Γ6)ρββ
+ (Γ˜+ − Γ˜−)(ραα + ρββ),
G˜± =± (Γ3 − Γ5 − 2Γ4)ρκκ ± (Γ5 − Γ3 − 2Γ6)ρµµ
+ (Γ˜+ − Γ˜−)(ρκκ + ρµµ). (A.16)
3. The weights of the spectral lines in
σ-fluorescence squeezing spectrum
The weights of the sidebands in the spectrum (28),
using equations (A.13), can be derived as
Wσ1 = γσ
{
(c4α1 + c
4
α2)ραα + (c
4
α3 + c
4
α4)ρµµ
− c2α1c2α4(ραα + ρµµ)− 2 cos 2φ[c2α1c2α2ραα
+ c2α3c
2
α4ρµµ − c2α1c2α3(ραα + ρµµ)]
− cos 4φ[c2α2c2α3(ραα + ρµµ)]
}
, (A.17)
Wσ2 = γσ
{
(c4β1 + c
4
β2)ρββ + (c
4
β3 + c
4
β4)ρκκ
− c2β1c2β4(ρββ + ρκκ)− 2 cos 2φ[c2β1c2β2ρββ
+ c2β3c
2
β4ρκκ − c2β1c2β3(ρββ + ρκκ)]
− cos 4φ[c2β2c2β3(ρββ + ρκκ)]
}
, (A.18)
Wσ± =
γσ
2(Γ− − Γ+)×{
(c2α1c
2
β4 + c
2
α2c
2
β3 + 2 cos 2φ cα1cα2cβ3cβ4)F±
+ (c2α3c
2
β2 + c
2
α4c
2
β1 + 2 cos 2φ cα3cα4cβ1cβ2)G±
− 4 cos2 φ cos 2φ cα1cα3cβ1cβ3(F± +G±)
}
,
(A.19)
where F± and G± are given in equations (A.16).
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